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Edwards [2] has delved into the history of the well-known story to the 
effect that Kummer thought he had a proof of Fermat’s last theorem, but 
Dirichlet pointed out to him that he was tacitly assuming that the ring Z[<] 
of algeraic integers in the cyclotomic field Q(c) is a unique factorization 
domain (UFD). Edwards traces the origin of this story to a 1910 lecture of 
Hensel [7], and is inclined to doubt its accuracy because of Kummer’s 
familiarity with the reciprocity work of Jacobi and Gauss. On the other 
hand, Edwards points out a couple of errors Kummer made at different 
points in his proof that Fermat’s last theorem holds for regular primes. One 
of these errors occurs in an 1844 manuscript of Kummer that was first 
published as an appendix to [ 3 ]. The error in question occurs on p. 390 of 
(3 1; to explain what it is, we introduce a condition which we label as 
Condition (K): 
The commutative ring R with identity is said to satisfy Condition (K) if 
for all X, y E R, either (x, y) = R or (x, v) is contained in a proper principal 
ideal of R; we refer to a ring satisfying this condition as a @)-ring. 
After almost 140 years, it is impossible to know precisely what the basis 
for Kummer’s error in [3, p. 3901 was, but it seems clear that it was related 
to Condition (K). Edwards [3, p. 385 ] seems to feel that Kummer was 
assuming Condition (K) in Z[t;][X], while Waterhouse 191 infers that 
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Kurnmer assumed that Z[(] itself is a (K)-ring. At any rate, a Noetherian 
domain satisfying Condition (K) is a principal ideal domain (PID), hence a 
UFD, and therefore Condition (K) in either Z[[]]X] or Z][] implies unique 
factorization in Z[c] (see [S, 91). 
We orginally set out to determine whether a Noetherian (K)-ring is a prin- 
cipal ideal ring (PIR); Theorem 3 implies that it is. We subsequently took as 
our basic object of study, however, a (K)-ring satisfying the ascending chain 
condition for principal ideals (accp). While we have been unable to 
determine whether such a ring is a PIR, we retain Condition (K) and accp as 
basic hypotheses because doing so seems to clarify, rather than obscure, our 
main results (Theorems 1 and 3). 
All rings considered in this paper are assumed to be commutative and to 
contain an identity element. 
Our first result, Proposition 1, records two basic consequences of accp. 
After Proposition 1, we consider rings satisfying both accp and Condition 
WI. 
We say that a ring R is indecomposable if R cannot be expressed as the 
direct sum of two proper ideals of R, and a principal idempotent ideal I = Re 
of R is indecomposable if I, considered as a ring itself, is indecomposable. A 
principal ideal (r) of R is said to be unfactorable if (r) cannot be expressed 
as the product of two principal ideals of R properly containing (r). It follows 
immediately from the definition that if (r) < (s) G R and if (r) is unfac- 
torable, then (r) = (r)(s). We remark that Butts has considered a related 
concept, nonfactoriality, in [ 11. The definition is as follows: An ideal A of R 
is nonfactorable if A is not of the form BC for any ideals B and C of R 
properly containing A. It is clear that a nonfactorable principal ideal A is 
unfactorable. The converse fails, as can be seen by taking A to be a maximal 
proper principal ideal that is not a maximal ideal of a Dedekind domain R; 
such an ideal A exists in any Dedekind domain that is not a PID. 
PROPOSITION 1. Assume that accp is satisfied in the ring R. 
(1) R is a finite direct sum of indecomposable rings. 
(2) Each principal ideal of R can be expressed as a jkite product of 
unfactorable ideals of R. 
Proox To prove (I), let .Y be the set of idempotent principal ideals of R 
that can be written as a finite direct sum of indecomposable ideals of R. The 
set .Y is nonempty because (0) E Y, and accp implies that .ip contains a 
maximal element (f ). Our aim is to prove that (f) = R. Suppose not. 
Without loss of generality we assume that f is idempotent so that 
R = (f) 0 (1 -f ), with (1 -f) # (0). Choose an idempotent g E (I - f) so 
that (g) is maximal among the idempotent principal ideals of R properly 
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contained in (l--f). Then (l-f)=(g)@(l-f-g), with 1-f-g 
idempotent and nonzero. By choice of (g), the ideal (1 - f - g) is indecom- 
posable, but this contradicts the choice off, for (f) < (f, 1 -f - g) = (f) 0 
(1 -f -- g) = (1 - g), with (1 - g) E 9. This establishes (1). 
(2) It suffices to show that (r) is a finite product of unfactorable ideals of 
R if each principal ideal of R properly containing (r) has this property. If (r) 
is a product of two principal ideals of R properly containing (r), it is clear 
that (r) is a finite product of unfactorable ideals, and otherwise, (r) itself is 
unfactorable. This completes the proof of (2), and hence of Proposition 1. 
Assume that S is a (K)-ring satisfying accp. As stated in the introduction, 
we are interested in determining whether S is a PIR. In considering this 
question, Proposition 1 allows us to reduce to the case where S is indecom- 
posable, for each of the conditions accp, (K), and PIR is such that it holds in 
a finite direct sum if and only if it holds in each summand. We recall that a 
PIR is indecomposable if and only if it is a PID or a special PIR. (A speciaf 
PIR is a PIR with a unique maximal ideal, which is nilpotent; cf. 
[ 10, p. 2451.) The next result assures existence of principal maximal ideals of 
s. 
PROPOSITION 2. If S is a (K)-ring satisfying accp, then each proper ideal 
(x, y) of S is contained in a principal maximal ideal of S. If {Mi}i,, is the 
family of principal maximal ideal of S, then Uic,Mi is the set of nonunits of 
S. 
Proof. By hypothesis, (x, y) is contained in a principal ideal (z) of S 
maximal in the set of proper principal ideals of S. If s E S - (z), then by 
choice of (z), the ideal (s, z) is contained in no proper principal ideal of S, so 
Condition (K) implies that (s, z) = S, and (z) is a maximal ideal of S. This 
proves the first statement of Proposition 2, and the second statement follows 
from the first. 
In the sequel, principal maximal ideals of S are consistently denoted by M 
or Mi. The proof of the next result is reminiscent of the proof of the lemma 
in ] 10, p. 2451. 
PROPOSITION 3. Assume that S is an indecomposable (K)-ring satisfying 
accp. Let M = (m) be a principal maximal ideal of S. 
(1) If the powers of M do not properly descend, then S is a special 
PIR. 
(2) If the powers of M properly descend, then P = n,nl ,M’ is a prime 
ideal of S. If, in addition, Q is any primary ideal of S such that & < M, 
then Q = P. 
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Proof: (1) If M’=(m’)=(m )- it1 -M’+’ for some i, then M’ is prin- 
cipal, generated by an idempotent. Since S is indecomposable, it follows that 
M’ = (0). Thus M is the only proper prime ideal of S and S is a special PIR 
in this case [4, Ex. 8, p. 33; 8, p. 4861. 
(2) If x,yES-P, then for some i,j>O and some x,,y,ES-MM, we 
have x=mixl, y=m’y,. Thus xy=mifix,y, with mi+.i& (mitji’)= 
M’+j+’ and x,y, G? M. Since M’+i+ I is M-primary, it follows that 
xygMi+i+l, so xy sf P and P is prime in R. It is well known that Q = Qm 
for each primary ideal Q with & < (m), and hence Q = Qm = 
Qm* = ... L nz=, (m’) = P. On the other hand, take p E P and write (p) as 
a finite product of unfactorable ideals, say (p) = (u ,) a.h (uk). Then (ui) G P 
for some i, so (uJ < (m). As noted previously, this implies that (ui) = (uim), 
so u,(l - sm) = 0 for some s E S. Thus ui(l - sm) E Q with 
I--sm@M>fi, and hence ui E Q. Consequently, p E Q and P s Q. 
Therefore Q = P and the proof of Proposition 3 is complete. 
The proof of Proposition 3 establishes 
COROLLARY 1. Let the notation and hypothesis be as in (2) of 
Proposition 3. Then (p) = (pm) for each p E P. 
PROPOSITION 4. Assume that S is an indecomposable (K)-ring satisfying 
accp. Let M = (m) be a principal maximal, ideal of S such that the powers of 
A4 properly descend, and let P = n 2, M’. 
(1) m is a regular element of S. 
(2) The localization S, is a rank-one discrete valuation ring. 
ProoJ: Assume that y E R is such that my = 0. Proposition 3 shows that 
y E P, and hence (y) = (my) = (0) by Corollary 1. This proves (1). 
To prove (2), we first show that the ideal A = (x E S 1 xt = 0 for some 
t E S - M) is equal to P. The inclusion A G P holds since P is prime; the 
reverse inclusion follows from Corollary l-if p E P, then p = spm for some 
s E S so p( 1 - sm) = 0 and p f A. It follows that S, = (S/P)(,,,,pj ; 
Proposition 3 then shows that S, is a one-dimensional quasi-local domain 
with principal maximal ideal, hence a rank-one discrete valuation ring. 
In stating the next result, Theorem 1, we drop the hypothesis of indecom- 
posability on the ring under consideration. 
THEOREM 1. Let R be a (K)-ring satisfying accp. Each proper regular 
ideal A of R is a Jinite product of principal maximal ideals of R, and hence is 
principal. The residue class ring R/A is a zero-dimensional PIR. 
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Proof. Let R = R, @ ... @ R, be the decomposition of R into the direct 
sum of nonzero indecomposable ideals, and let A = A, @ ... @ A, be the 
induced decomposition of A. The rings R, satisfy accp and Condition (K), 
and Ai is a regular ideal of Ri for each i. Using these two facts, the structure 
of the set of maximal ideals of the direct sum RI @ .a. @ R,, and the fact 
that R/A E (R,/A,) @ ... 0 (R,/A,), it suffices to prove Theorem 1 in the 
case where the ring R is indecomposable. This we proceed to do. 
Let a be a regular nonunit of A and express (a) as a finite product of 
unfactorable proper ideals, say (a) = (x,) ..a (x~); note that each xi is regular. 
Proposition 2 shows that (xi) is contained in a principal maximal ideal (m,) 
of R. The inclusion (xi) G (m,) is improper since (xi) = (ximi) with xi regular 
and (mi) # R is impossible. It follows that (xi) = (m,) for each i and (a) is a 
product of principal maximal ideals of R, say (a) = (p,)” 4.. (p,J’x. It is 
then straightforward to show that A = (p,,‘l ... (p,p = (d;l ... &) for some 
integersf, ,..., fk with 0 <fi < ei for each i. Therefore A is a finite product of 
principal maximal ideals of R and the residue class ring R/A = 
R/( &) @ . . . @ R/(b) is a zero-dimensional PIR. 
CUROLLARY 2. An integral domain satisfying accp and Condition (K) is 
a PIR. 
THEOREM 2. Let R be a (K)-ring satisfying accp. Then R is a PIR ifand 
only if each maximal ideal of R is principal. 
Proof. We need only show that R is a PIR if each maximal ideal of R is 
principal, and as in the proof of Theorem 1, we may also assume, in doing 
so, that R is indecomposable. Let M = (m) be a principal maximal ideal of 
R. If the powers of M do not properly descend, then Proposition 3 shows 
that R is a PIR. If the powers of M properly descend, then we let 
P F n? 1 M’. We show that P = (0). Thus, pick x E P. If (x) = (u,) e-s (Us) 
is a factorization of (x) into unfactorable ideals, then some Ui E P and it 
suffkes to show that ui = 0. Hence, we assume that (x) is unfactorable. The 
ideal (x) is nonmaximal since (x) G P < M. Thus, if (mj) is a maximal ideal 
of R containing (x), then (x) = (xmj) so that Ann(x) $ (mj). It follows that 
(x) and Ann(x) are comaximal, so (x) = (x)R = (x)[(x) + Ann(x)] = (x’). 
Since R is indecomposable, then (x) = (0) and P = (0). Therefore R is an 
integral domain. Corollary 2 then shows that R is a PID, and this completes 
the proof of Theorem 2. 
It is clear that the ring R is a (K)-ring if each maximal ideal of R is prin- 
cipal. Thus, the next result is a consequence of Theorem 2 (cf. [S, 
Theorem 12.3 1). 
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COROLLARY 3. The ring R is a PIR if accp holds in R and each 
maximal ideal of R is principal. 
We do not know if there exists a (K)-ring satisfying accp that is not a 
PIR. According to Theorem 2, such a ring, if it exists, contains a nonprin- 
cipal maximal ideal. The hypothesis and notation of the next result, 
Theorem 3, accommodate the possibility of existence of such a ring. 
THEOREM 3. Assume that the ring T satisfies accp and Condition (K) 
and that T is not a PIR. Let {IW~}~~, be the family of principal maximal 
ideals of T and let Z! = { Ujjj,, be the (necessarily nonempty) set of nonprin- 
cipal maximal ideals of T. Let Pi = n p=, Mf for each i E I. 
(1) If U E 9 and u E U, then u belongs to infinitely many of the ideals 
Pi. 
(2) If T is indecomposable and if A is a finitely generated ideal 
contained in some Pi, then A is contained in some ui. 
ProoJ (1) We have (u) < CT since U is not principal. Choose (v) 
maximal in the set of principal ideals of T that contain (u) and are contained 
in U. Then (v) is unfactorable and is properly contained in U. By 
Proposition 2, (u) is contained in a principal maximal ideal (m,) of T. 
Moreover, (v) = (urni) so u E Pi. Assume that u belongs to only finitely 
many of the ideals Pi. Then we can choose t E U so that t belongs to no Pi 
that contains u, and without loss of generality, we can assume that (t) is 
unfactorable. Proposition 2 implies that (t, V) G (m,J = M, for some k E I, 
and hence t and u belong to P,. This contradiction shows that v, and 
therefore U, belongs to infinitely many ideals Pi. 
To prove (2) let A = (a,, a2 ,..., a,) and for each k between 1 and s, let 
(bk) be an unfactorable ideal contained in Pi and containing (ak). It suffices 
to show that the ideal B = (b, , b2,..., b,) is contained in some qi. If B = (0), 
this is true for each Uj E U. If B # (0), then B # B2 since T is indecom- 
posable. Therefore B. and B2 do not have the same extension to T,, for some 
maximal ideal H of T containing B. We prove that each such H is in * by 
showing that B and B2 extend to (0) in Tu for each principal maximal ideal 
M = (m) of T containing B; this is true since (bk) E Pi implies each (bk) is 
nonmaximal, which implies that (bk) < (m), and hence (bk) = (bkm). 
Therefore B and A are contained in some element of the family U, and this 
completes the proof of Theorem 3. 
If the notation is as in Theorem 3, then Proposition 3 shows that each of 
the ideals Pi has height 0 in T, and Theorem 3 shows that there are infinitely 
many such ideals Pi. Thus, we obtain 
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COROLLARY 4. Assume that R is a ring satisfying accp and Condition 
(K). If R has onlyflnitely many prime ideals of height 0, then R is a PIR. In 
particular, this is true if R is a Noetherian ring, if R has Noetherian 
spectrum, or if R has only finitely many maximal ideals. 
To return to Kummer’s results which originally led to our consideration of 
Condition (K), we determine those polynomial rings which satisfy both accp 
and Condition (K). 
PROPOSITION 5. For a ring R, the following conditions are equivalent. 
(1) The polynomial ring R [X] satisfies both accp and Condition (K). 
(2) R is a finite direct sum of jields. 
Proof: We assume that (1) is satisfied. Since X is a regular element of 
R[X], Theorem 1 shows that R 21 R[X]/(X) is a zero-dimensional PIR. 
Hence R[X] is Noetherian, and Corollary 4 shows that R[X] is a PIR. While 
it is known that this implies that R is a finite direct sum of fields 16, p. 2291, 
we continue with a proof depending only upon the results of this paper. 
Thus, R = R, @ ..a 0 R, is a finite direct sum of special PIRs, and we need 
only show that each Ri is a field. If not, Ri contains a nonzero element pi 
that generates the maximal idea1 of Ri. The ideal piRi [X] is the unique 
prime of Ri [X] of height 0, and piRi [X] = 0 ,“= , M” for the principal 
maxima1 idea1 M = (pi, X) of Ri [Xl. The constant term of a generator f(X) 
for M must belong to piRi, and this means pi & (f )’ = M2 for pi # 0. Thus 
each Ri is a field and R is a finite direct sum of fields, as we wished to show. 
Conversely, if R = R, @ . . s OR, is a finite direct sum of fields, then 
R[X]=R,[X]@-+R,,(X] is a PIR, and hence satisfies accp and 
Condition (K). 
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